Supersymmetry can be consistently generalized in one and two dimensional spaces, fractional supersymmetry being one of the possible extension. Fractional supersymmetry of arbitrary order F is explicitly constructed using an adapted superspace formalism. This symmetry connects the fractional spin states (0,
1
F , · · · , F −1 F ). Besides the stress momentum tensor, we obtain a conserved current of spin (1 + 1 F ). The central charges are generally irrational numbers except for the particular cases F = 2, 3, 4, 6. A natural classification emerges according to the decomposition of F into its product of prime numbers leading to sub-systems with smaller symmetries. The limit F goes to the infinity is also considered.
After the work of Beliavin, Polyakov and Zamolodchikov [1] , conformal invariance has become a powerful tool for the description of 2D critical phenomena. Then, one of the main task would be to have a systematic classification of conformal systems. All known conformal field theories (CFT) can be obtained within the framework of the GKO [2] coset construction where appropriate Kac-Moody algebras are involved (or more generally affine Virasoro approach). Among these developments, we can find fractional superconformal [3] , and W n algebras [4] . Both contain conserved currents of spin different from two (fractional or integer).
The starting point of the present letter is rather different; we take advantage of the possibility to generalize supersymmetry in one and two dimensions. This symmetry named fractional supersymmetry (FSUSY) has been introduced by Durand [5] . It can be seen as the F th −root of the time translation in 1D [5, 6, 7] or of the conformal transformation in 2D [8, 9, 10] . A group theoretical justification of this symmetry was given in [11, 7] .
In a former paper, we have particularized the case F = 3 with a special emphasis to its algebraic foundations [10] . In this letter, we are generalizing our previous results to fractional supersymmetry of arbitrary order F . The Virasoro algebra is then extended and, besides the stress-energy tensor, we obtain a conserved current of conformal weight(spin) (1 +
F
). Consequently, in addition to the scalar field, we introduce primary fields of conformal weight 1 F , · · · ,
. It turns out that fractional supersymmetry is the symmetry which connects those 1 F -integer spin states. As already mentioned in our previous paper, this extended Virasoro algebra has nothing to do with the fractional supervirasoro (FSV) one [3] where a spin (1 + 1 F ) conserved current is already present. The main reason of this difference is that ours closes through local (but non-quadratic) relations whereas FSV closes with non-local (but quadratic) ones.
The interesting feature of FSUSY algebra is that a natural classification emerges according to the decomposition of F into its product of prime numbers. In other words, the general case can be obtained from the study of F , when F is a pure prime number. Then, it becomes straightforward to extended this result to any F . In the following, after the presentation of the construction of the FSUSY algebra for the case F prime numbers, we focus, in a second part, on the case where F can be written as F = F 1 F 2 with F 1 , F 2 two prime numbers. Moreover, in addition to the FSUSY symmetry, we prove that this action is also invariant under F 1 or F 2 -supersymmetric transformations. This inclusion of symmetries can be understood from the decomposition of the FSUSY multiplet into F 2 irreducible F 1 SUSY multiplets (or vice versa). This decomposition can be generalized to any F along the same procedure. Finally, we consider the limit F → ∞.
We need first to recall briefly the underlying algebra which allows to define FSUSY. The basic fields live in a ad hoc extension of the complex plane, namely (z, θ L ,z, θ R ) with θ L , θ R two real generalized Grassmann variables [12, 13] . We also introduce the associated derivatives ∂ L , δ L , ∂ R , δ R . They satisfy the basic algebraic relations ( with the derivative δ θ we would have obtained the same result with the substitution q → q −1 ). The relations which mix the
From this algebra, we can build the generators and the covariant derivatives of FSUSY
All these relations (4) can be obtained directly using (1-2) or more easily from the faithful matrix representation given in [14] . It then appears that FSUSY is a natural generalization of supersymmetry because it corresponds to the F − th root of the Virasoro generators.
This opportunity, trivially true in one-dimension, comes from the peculiar structure of the 2D conformal group where the (anti)holomorphic part transforms independently. For more details and explicit calculations the reader can consult the literature [5, 6, 7, 8, 9, 10, 11] .
Corresponding algebra when F is a prime number.
We consider, here the case when F is a prime number. First of all, recall briefly the basic points which lead from the algebra (3) (4) to an invariant FSUSY action. It is interesting to notice that most results, in usual supersymmetric theories [15] can be extended to FSUSY. We are able to build an invariant action in FSUSY, extending the usual superspace formulation, involved in supersymmetric theories (by help of the generalized Grassmann variables (1-2) ).
A basic superfield decomposes (in the fractional superspace (z,
In this multiplet, we have three kinds of fields : the holomorphic ones ψ a F ,0 , the antiholomorphic ones ψ 0, with a and b = 0. The various components of Φ generalize the concept of boson/fermion and have nontrivial Z Z F −graduation. The θ field is then a "graduation counter" and we have the q−mutations relations [5, 11] (ψ a
where D L (respectively D R ) acts from the left (resp. the right). This nice generalization of SUSY comes from the definition of the superfield Φ and the property that the covariant derivative, say D L , commutes with the FSUSY-transformation ǫ L Q L (see below). In the sequel, we just consider the holomorphic part of the action. The antiholomorphic part is totally similar and the auxiliary fields are irrelevant for our study. D and θ stand respectively for D L and θ L . Then, the remaining part of the action can be equivalently written (with adapted normalizations coming from integration and derivation over θ)
With the holomorphic part of the previous superfield defined in (5) Φ can be written
Using the q−mutation (6) and the integration rule upon the generalized Grassmann variables [13] , the action (7) yields to
This action is the natural generalization of the supersymmetric ones, and has already been considered for the case F = 3 [8, 9, 10] or even for arbitrary F in one dimension [5] . The solutions of the equations of motion allow to develop the various fields in terms of the Laurent expansions. In this context, nothing can be said a priori on the q−mutation relations of the fields, but only through their normal ordering. With similar arguments as those given in [10] , we get for the conjugated fields ψ a F and ψF−a F the normal ordering q−mutation relation
Note that the fields ψ b as we will see. It is also invariant under FSUSY transformations generated by Q (see (3) ). In order to give the transformations, let us introduce ǫ the parameter of the FSUSY transformations. The q−mutation of ǫ with ψ a F are identical as those of θ with ψ a F as in Ref. [5, 10] . This is a consequence of the FSUSY transformation which corresponds to the translation θ → θ + ǫ in the fractional superspace. The relation ǫθ = q −1 θǫ ensures that D is a covariant derivative as it should be in order to build FSUSY invariant action [10] . The transformations of the superfield are δ ǫ Φ = ǫΦ. Using the decomposition of the field Φ this leads to
with {a} = q a −1 q−1
and when F = 2p + 1, q 1 2 = q p+1 . Those transformation properties fit exactly (up to normalization factors) with the ones introduced by Durand [5] .
Stress that the coefficient of θ F −1 transforms as a total derivative, so with the rule of integration the action is obviously FSUSY invariant. In a way analogous to [10] , we can define a path integral, and the non-vanishing two-points Green functions are then
The generators of the conformal transformations (stress momentum tensor) and of the FSUSY transformations are
and
It appears that the stress-energy tensor, decomposes into
terms which does not see each other because of the two-points Green functions (11)
Using the two points correlation functions (11) and an adapted Wick theorem for q−muting variables [10] we have the following operator product expansion (OPE), encoding the different transformations
Those transformations show explicitly that X(z) is of conformal weight 0, and ψ a F of conformal weight a F
. By comparing the OPE with the FSUSY transformations (10), we conclude that G is the generator of the FSUSY transformations. FSUSY is then the natural extension of supersymmetry and connects 1 F −integer spin states. We have then to ensure that the algebra closes by computing the remaining OPE
This shows that the conformal weights of T and G are 2 and
as it should be. The central charge is
As already established in [10] , the algebra does not close under quadratic relations for G with itself, because the underlying symmetries involve F −power in the fractional superspace
has to be defined, in a way analogous to the case F = 3 [10] . This algebra can be compared with the fractional superconformal algebra introduced in Ref. [3] which is also generated, in addition to the stress momentum tensor, by a current of conformal weight (1 +
). These two extensions of the Virasoro algebra are different. The fractional superconformal algebra closes with rational power of (z − w), leading to non-local algebras because cuts are involved. The one we propose, closes only with integer power of (z − w) but involves F − th power instead of quadratic relations. In a similar way, we can mention that this feature is not specific to our model and already appears in the framework of the W n algebra where polynomial dependence of the generators are involved to close the algebra [4] . Moreover, the central charges we get are irrational numbers (except for F = 2, 3). So the theory we have obtained is no longer a rational conformal field theory (RCFT), but an irrational conformal field theory (ICFT) ( see [16] and references therein).
Extension of the algebra for any F .
Of course, all those results remains valid for arbitrary F , with some minor modifications.
If F is not a prime number F = f F ′ , (F ′ being a prime number) we have (ψ f
is no longer a Grassmann variable of order F but more precisely of order F ′ .
If F is a even number -the substitution of q 1 2 to q p+1 (see eq. (10)) is not allowed;
-the definition of TF 2 in (14) has to be modified as
and the central charge becomes
where E( ) means the integer part. In TF
2
, ψ1 2 (z) is a usual fermionic field. If F is an odd number, the central charges (17) and the stress momentum tensor (12) remain unchanged.
Some comments are in order here: we can note that the central charge is, in general, an irrational number but F = 2, 3, 4, 6. Among those families of theories stress that for F = 4 we do have the same central charge than for F = 2. As a final remark we have, for ψ1 2 (when F even = 2) a different normalization for TF 2 ; this comes from the normalization in the action (8) and in the Green function (11) . The interesting point with those kinds of symmetries is that we are able to generalize the previous results to any F using its decomposition into prime numbers. This exhibits, as we will see, substructures with smaller symmetries. Let us consider the generic case when F can be written as F 1 F 2 with F 1 , F 2 two prime numbers not necessary different. A scalar multiplet of FSUSY has the following irreducible decomposition in terms of F 1 multiplets
where Φ F 1 (or in the same way with F 1 ←→ F 2 ), a F 1 − ( F 2 −)SUSY can be also derived. However, the results are stronger because, by appropriate normalization, the three Lagrangian so obtained are rigorously identical. To prove this statement, we reproduce the action (8) (which is also valid for arbitrary F [5]) using the fields Φ
where θ 1 is a F 1 generalized Grassmann variable (θ 
The aF 2 −components of the field Φ q−mute with the primitive root of F 1 although the other ones aF 2 + b, b = 0 with primitive root of F . This is due to the non-trivial spin of the superfields Φ
. Stress that θ 1 is substituted to θ in the F 1 SUSY formulation. From these relations and the normalization of the fields, we are now able to write the F 1 SUSY invariant action
When F 2 = 2, the sum over b contains just one term, namely ∂zΦ
2 . Despite the rather complicated form for the previous action, it simply reproduce the FSUSY action (8) . This explains a posteriori why such heavy normalizations for the superfields have to be implemented. Consequently, if we have an action F 1 F 2 supersymmetric, it is simultaneously F 1 and F 2 supersymmetric. And reciprocally, to get the converse, in addition to the scalar F 1 multiplet, we need . Of course, as was already mentioned above, this result can be extended by analogy for any F: we can conclude that in any case if F' divides F, then a F-supersymmetric action is F'-supersymmetric.
Along the same lines as for the FSUSY transformation, using the F 1 SUSY generator
we are able to determine the F 1 SUSY transformations :
Or in terms of the components,
where, for the sake of simplicity we omit the normalizations for the superfield's transformations. The transformations for Φ 
(23)
and the F 1 −one of spin
we just see that in the G b supercurrent, the fields appearing in the spin b F multiplets couple the ones of the
multiplets. Using the Green functions (11), we get
We are then able to reproduce in a similar way the F 1 SUSY transformations of Φ If one considers now the full action in two dimensions, with all the fields, the scalar F superfield decomposes as
We have four kinds of superfields:
contains holomorphic, antiholomorphic and auxiliary fields; (ii) Φ To conclude this series of inclusions, we can give an algebraic interpretation. As we have mentioned previously, the underlying algebra of FSUSY is the one generates by θ, ∂ θ . However, it is known that this algebra, with the primitive root q, generates the q−deformed Heisenberg algebra H q (q, θ, ∂ θ ). If one consider the mapping (F = F 1 F 2 )
due to the fact that f 2 (∂ θ ) = ∂ θ 1 and f 2 (q) = q 1 one can check easily that f 2 is an homomorphism of algebra. In this homomorphism, ∂ θ 1 which is seen as a element of H q (q, θ, ∂ θ ), can be expressed as a polynomial of θ and ∂ θ . Then is we define the coset H q (q, θ, ∂ θ )/Ker(f 2 ) we get that this coset is isomorphic to H q 1 (q 1 , θ 1 , ∂ θ 1 ). Now, if we look at the q−mutation properties of the fields with θ 1 , we have a third way to build the F −SUSY action. Using the f 2 isomorphism, we can identify θ 1 with θ F 2 . However, if we proceed along those lines, the q−mutations relations (6) might be incompatible with this identification. This appears when F 1 = F 2 , because we cannot postulate simultaneously θψ 1
θ and
However, in such a situation we can postulate only the last q−mutation relation to reproduce the action (8) with F 1 superfields by using appropriate normalizations.
Infinite limit of FSUSY algebra.
A interesting feature of this generalization of supersymmetry, is the possibility to consider the limit F → ∞. In this situation, the conformal weight belongs to ]0, 1[ ∩ l Q i.e. a discrete set. However, we can take the continuous limit. In this limit, the fields ψ a F (z) → ψ(z, a F ) ≡ ψ(z, u) with u ∈]0, 1[. The Lagrangian, obtained in this limit, is written as:
We can notice, that this limit is similar to the one obtained in quantum field theory from the passage from the lattice field theory to the continuous one. This analogy stands for the substitution of the space integral in quantum field theory to an integration over the conformal weight in our model. Of course, we can reproduce this limit simultaneously for the stress-energy tensor (12) and the supercurrent (13) . A priori it is not obvious that, in this limit, the symmetry are preserved. Indeed, using the transformations (10) and the q−mutation relations of ǫ (the parameter of the transformation) with the fields, one can check explicitly that the symmetries are preserved. In this limit, the OPE of: (a) T with the fields ψ(z, u) shows that their conformal weight are varying continuously between ]0, 1[; (b) T with G shows that G has always a conformal weight 1; (c) G with the fields ψ(z, u) shows that the infinite SUSY is a U(1) symmetry; (d) G with itself closes through quadratic relations. Obviously, the points (b), (c) and (d) are related and indicates the deep difference between the infinite limit and the cases of finite F-SUSY given in the beginning of this paper. As a final remark of this peculiar limit, besides the U(1) symmetry, we recover F-SUSY for any F . This point is a direct consequence of the Lagrangian expression (26) which is independent to the way F goes to infinity, either F is a prime number or not.
We have constructed, in this letter, a conformal field theory using FSUSY and its associated generalized Grassmann algebra. However, it should be interesting to have connections between this way of doing and the standard affine Virasoro constructions (the relations of our model with the Virasoro master equation [16] has to be done). Another open question concerns the relations of the basic fields (ψ a F ) of conformal weight a F with the parafermions introduced by Fateev and Zamolodchikov [17] . In this direction, as we have already shown, it is possible to modify the algebraic structure in such a way that Green functions (11) with fractional power of (z − w) are involved [10] . Next, according to the classification presented above, we can wonder on the possible implications to have some sub-systems with smaller symmetries (when F is not a prime number). This peculiarity might be used to have some descriptions of appropriate integrable models. As a final remark, we point out that this approach enables us to get in a natural way irrational conformal field theories.
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